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(Communicated by Andrew M. Bruckner) Abstract.
For the most simple Sobolev space on R composed of real-valued and absolutely continuous functions f(x) on E with finite norms C /-oo -> 1/2 |y (a2f'(x)2 + b2f(x)1)dx\ (a,b>0),
we shall apply the theory of reproducing kernels, and derive natural norm inequalities in the space and the related inequalities for convolutions of Li functions with weights.
Introduction and results
We shall examine the most simple Sobolev (Hilbert) space H(a, b) on I composed of real-valued and absolutely continuous functions f(x) with finite norms
The space has been examined extensively by many authors and was first introduced by Hardy and Littlewood in 1932 in connection with the famous HardyLittlewood integral inequality. See, for example, Evans and Everitt [2] and its references for the details. Note that the space H(a, b) admits the reproducing kernel (1.2) Gayb(x,y) = ~e-k^-y\ satisfying the reproducing property fi(y) = (fi(-),Gayb(-,y))H{ayb) for all fie H(a, b).
Therefore, from the point of view of the theory of reproducing kernels, we examine the space H(a, b) and obtain the following norm inequality. Theorem 1.1. For any functions fi e H(ax, bx) and g e H(a2, b2), we have the inequality K^t)r7->a'>!(</w*w),j2
Equality holds here if and only if fi and g are expressible in the forms f(x) = cxGaiM(x,y) and g(x) = c2GaiM(x, y)
for some real constants cx and c2, and for some point yeR. Here, if cic2 \£ 0 and equality holds, then the point y must be a common point for fi and g. for some complex numbers di and d2, and for some point y e R. Here, if di d2 / 0 and equality holds, then the point y must be a common point for F and G.
In connection with inequality (1.4), we derive inequalities of two types for ax = a2 = 0 and bi = b2 = 1, for functions F e L2(0, oo) and G e L2(0, oo) [4] , and for functions F e L2(a, fl) and G e L2(y, 8) [5] . Their results seem to be quite different from (1.4).
As we will see from the proof of Theorem 1.1, our basic idea comes from the general theory of reproducing kernels by Aronszajn [1] in a general principle, but it will be difficult to derive a general version of Theorem 1.1. Indeed, we use a special property of G0yb(x, y). See (2.2) and (2.3). Next, we consider the Hilbert space Hr which is formed by restricting functions in H to the diagonal set of R x R formed by {(jc, x); x e R}. We identify it with 1. For any such restriction fi e Hr, the norm in Hr is given by min||/i||// for all heH, the restriction of which to the diagonal set is /. Then, Gaiyby(x,y)Ga2ybl(x, y) is the reproducing kernel for the space Hr [1, p. 361, Theorem II]; that is, we have the identity Hr = H' as a Hilbert space.
In particular, we have for any / e H(ax, bx) and g e H(a2, b2), fi(x)g(x)eHr, and furthermore, we have the inequality \\nx)g(x)\\2Hr<\\nxl)g(x2)\\2H; that is, inequality (1.3).
3. Proof of the equality statement in Theorem 1.1
We assume that for / e H(ax, bx) and g e H(a2 ,b2) (fi \t 0, g ^ 0), equality holds in (1.3) . Note that then /(jCi)g(jC2) is characterized by the orthogonality
for any heH satisfying (3.2) h(x,x) = 0 on R.
As functions satisfying (3.2), we take h(xx, x2) = Gaiybl(xx, y\)Ga2yb2(x2,y2)
e H for any yi, y2 eR.
Then, by using the reproducing property of G0lybl(xx, y\)Gaiybl(x2, y2) in H, we have the following from (3.1):
By using the property of G0lybl(xx, yx) as Green's function, we have the
Note that -a2f"(yx) + b2fi(yx)^0 on R.
Indeed, if -a2f"(x) + b2f(x) = 0 on R, then we have, for some constants C, and C2, f{x) = Cxe-b^xl<h + C2eb'x'a' on R.
Hence, from the fact that / e H(ax ,bx) we see that Ci = C2 = 0. Therefore, from (3.4) we have, for at least one point yo, (3) (4) (5) g(y2) = g(0)^,^o,y2) = G^fr.yo)
Ga2,h2(yo, U) Ga2ybl(yo, U)
We thus have the expression of y g(x) = cxGa2yb2(x,a)
for some real constant cx and for some point a e R. Similarly, we have the expression of / in the form (3.6) f(x) = c2GaxM(x,fi) for some real constant c2 and for some point /? e R.
From (3.3) and (3.6) we have fi(yx)g(y2) = g(0)c2G-^'y^.{^y2)
Ga2,h2\P , 0) = c2g{0)G^'fi)f^'P).
Ga2,h2(P , 0)
Conversely, for this function, the condition (3.1) for functions heH satisfying (3.2) is apparently satisfied, as we see from the reproducing property of Ga, ,b{(xx, P)Ga2,t>2(x2, P) in H. We thus have the desired result. Ug^-[2{FX+F2)\ 8^ Lj{aW^ aW^l){°> {(aia2)2e + (aib2 + a2bi)2}dc:.
We thus obtain Theorem 1.2 from Theorem 1.1 for complex-valued functions, directly.
